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A necessary and suffkient condition for the convexity of the Bernstein 
polynomial over the triangle is presented. In particular, it follows that if the nth 
Bbzier net of the function is convex over the triangle, so is the nth Bernstein 
polynomial. 
1. INTRODUCTION 
For a function f(x) defined in (0, I], the nth Bernstein polynomial off is 
denoted by B,(f; x). It is well known that (see [ 11) 
(1) if S(x) is convex in (0, I], so is B,Cf; x); 
(2) if f(x) is convex in [0, I], then 
B,(.f; x> > B,, ItI-; x>, n = 1) 2, 3 )...) 
for x E [0, I]. 
We consider the possibility of extending these results to the Bernstein 
polynomials over triangles. Let us begin with some definitions and notation. 
Let T, , T2, T, be three vertices of a triangle T which is called the base 
triangle. It is known that every point P of the plane in which the triangle lies 
can be expressed uniquely by P = UT, + VT, + wT3 such that 
u+v+w=l. (1) 
(u, U, w) are called the barycentric coordinates of P with respect to the 
triangle T. We identify the point P with its barycentric coordinates and write 
P = (u, v, w). It is clear that T, = (1, 0, 0), T, = (0, 1, 0), and T, = (0, 0, 1). 
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Barycentric coordinates of points inside or on the boundary of T are charac- 
terized by (1) and 
A function f(P) defined on T can be expressed in terms of the barycentric 
coordinates of P, i.e., f(P) = f( U, v, w). We compute (n + l)(n + 2)/2 
functional values off : 
The nth Bernstein polynomial off over T is given by 
where 
J;,,,,(P) = -!!!- 
i!j! k! 
u iv.iWk (4) 
(3) 
are called the Bernstein basis polynomials. 
Let B be a convex set in the plane. A continuous functionf(P) is said to 
be convex in $2 if 
f (p+) +f(P)+f(Q)l 
for all points P and Q in 0. 
As we tried to extend (1) and (2) to the Bernstein polynomials over 
triangles, we found that (2) can be extended while (1) cannot! For example, 
f(P) is defined by the shaded triangles over T (see Fig. l), wheref(T,) = 1 
and f (T,) =f (T,) =f (M) = 0 and where M is the midpoint of T, T, . It is 
clear that f (P) is convex in T. Simple calculation shows that 
and that 
&(f; P> = v(u + v), 
B&-; T,) = 0, 
B&-i M) = B2(f; 0, f, 4) = :. 
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FIGURE 1 
Since 
B,(f; f(T, t M)) = B,(f; 4, a 1;) = & > + = go t $) 
= f[&(f; T,) t B,(.f; WI, 
it follows that B,(f;P) is not convex! 
In this paper, a simple condition which ensures the convexity of B,(f; P) 
is given. To formulate our main results, some notation and terminology are 
needed. 
Setting Fi,j,k E (i/n,j/n, k/n;fi,j,k), this is a point on the surface associated 
with the functionf(P). There are altogether (n t l)(n t 2)/2 such points in 
the space. Drawing a triangle with three points 
as its vertices, where i +j + k = n - 1, a piecewise linear function on T is 
obtained and is denoted byfU(P).fJP) is called the nth Bezier net off(P), in 
accordance with literature in Computer Aided Geometric Design [2]. 
The projection offn(P) onto the triangle T produces a subdivision of T 
denoted by S,(T). S,(T) is illustrated in Fig. 2. 
Our main results are the following: 
FIGURE 2 
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(1) if the nth Bizier net fa(P) is convex, so is the nth Bernstein 
polynomial S,(f; P); 
(2) iff(P) is convex in T, then we have 
Bntf; f’> 2 B,, 1t.f; P>, n = 1) 2, 3 )...) 
for P E T. 
2. PRELIMINARIES 
It is clear that 
B&f; LO, 0) = f(l, 0, O), 
B,(.f; 03 130) = f (0, 1, f-3, 
B,(f; 070, 1) = f(O, 0, I), 
i.e., B&f; P) interpolates to function f at the vertices of the base triangle T. 
Since 
and 
r] Jy,j,k(P) = (U + U + W)’ = 1, 
i+j+k=n 
it follows that B,(f; P) is a convex linear combination of {J;:,j,kJ. This means 
that the surface over T represented by B&f; P) is contained in the convex 
hull of the set of points {Fi,j,k}. 
There is a recursive algorithm for the evaluation of I?,(/; P) (see 121). 
Define 
and 
f P,j,kCP) =J;.,j,k (ifj+k=rz), (5) 
ff,j,kCP) = @ffSi,j,ktP) -t uffji l,ktP) + wflj,i+ ltpb (61 
where f = 1, 2,..., n; i +j + k -I- E= n. Introducing three formal “partiai shift” 
operators E,, E,, E, by 
El.fiJ,k =A+ l,j,k* 
E2Si,j.k =fi,j+ l,kt 
E3.4,j.k =fi,j,k+ I 5 
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then (6) can be rewritten as 
(7) 
Using (7) repeatedly, we have 
ff,j&‘> = W, + vE, + wEd’fi,j,v (f-9 
Since E, , E,, E, commute, we can expand (uE, + uE, + WE,)’ in (8) by the 
trinomial formula and get 
f&&(P) = -s I! --u’v”w’E;E;E; fij,k, r+syt=[ r! s! t! 
i.e., 
f i,j,kCP) = S Jf,s,t(P)f;:+r,j+s,k+t, (9) 
r+stt=l 
where i +j + k + I= 12. Putting I = n in (9) we obtain 
fo”,o,oP> = B,(f, PI, (10) 
(10) implies that (6) together with (5) provides a stable recursive algorithm 
for evaluating the nth Bernstein polynomial over triangles. 
Replacing J;.,j,k by Fi,j,k in both (5) and (6), we will have a recursive 
algorithm for determining the point on the Bernstein triangular surface, i.e., 
F;j,,,,P) = Pi B,(f; P)l. (11) 
We shall prove in the next section that the following three points 
Kit,(P) = 
1 + (n - 1)u (n - l)v (n - 1)w 
n ‘n’ n ; .f:,flm 9 1 
F;,;31o(P) = (n - ‘) ’ , 
1+(n-1)v (n-1)w 
n n ’ n ; fon,$m 7 I 
%tm = [ 
(n- 1)u (n- I)v 1 +(n- 1)w 
n ’ n ’ n ; fa,,‘,cp> > 1 
determine a plane which is tangential to the Bernstein surface at the point 
%,oP)* 
Figure 3 shows the construction for B,(f; 4, a, 2). 
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FIGURE 3 
3. THE TAYLOR EXPANSION 
We mention that not only fn ,,&P), but also all the otherfj.j,k(P), can be 
directly related to the Bernstein polynomial B,(f; P). We have the following 
LEMMA. For I= 0, I,2 ,..., n and i + j + k = 1 we have 
f;,T;(p) z cn ;,l’ ! “: 
. adavJad B,(.f; p>t 
where u, v, w  are treated as independent variables. 
Proof. Since 
a' 
adadawk (tlE, + vE, + wEJ’ 
= (n 1!,, , CUE, + uE, + WE,)“-‘Ef E’,E;, 
we have by (8), 
al 
adadawk Bn(f; PI = aui$awk @El + vE, + wEJ fo,,,, 
= tn :'l) 1 (uE1 + VEZ + WE,)"-'.IJ,j,k 
(12) 
Equation (10) is a special case of (12) in which I= 0. 1 
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We are now in a position to present the Taylor expansion for the Bernstein 
polynomial B,(f; P). Put P = (u, a, w), P’ = (u’, u’, w’) and P’ - P = 
(u’ - 1.4, v’ - u, w’ - w), then we have 
THEOREM 1. For any P and P’, we have the identity 
-s 
i+jtk=l 
J-K:(p) Jf,j,kP’ - p>* (13) 
Prooj Using the Taylor expansion for polynomials of degree n in three 
variables, we get 
and by (12) we have 
f;,,:(P) Ji.j,k(P’ - P>* 
This completes the proof of Theorem 1. 1 
The Taylor expansion of functions (13) provides a powerful tool for the 
investigation of the local analytical behavior of the Bernstein polynomial in 
the neighborhood of P. Let us write the first three terms of the right-hand 
side of (13) in more detail: 
Wf; p’> = fto,o(p) + n[f’;,i,‘oV%u’ - 4 
+fl(,~fov%v’ - v> + f&$(fYw’ - WI1 
+n(n- 1) 2 [d-u,v’-v,w’-ww] 
(14) 
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Note that the elements in the 3 X 3 matrix should be evaluated at the point 
P. 
The first four terms in the right-hand side of (14) form a linear function in 
u’, u’, w’, which has the contact of at least second degree with the surface at 
the point F”,,,,,(P). Hence 
(15) 
is the tangent plane of the Bernstein surface at the point F&,(P). It is easy 
to show that the plane determined by three points F:,;to(P), 
F&,lO(P), F&l,(P) also has Eq. (15). Thus the conclusion in the end of the 
previous section is justified. 
If f;,it,(ph f&flm f;,fm are not all equal, then without loss of 
generality we can assume that f#&&(P) # ft;f,(P). In this case we put 
w’ = w  and since U’ - u = -(u’ - v), 
and this will assume both positive and negative values no matter how small 
124’ - uI is. Thus we have 
THEOREM 2. For f&o (P) to be a local extreme value it is necessary 
that 
This means geometrically that the tangent plane of the Bernstein surface at 
the point l$,,,(P) must be parallel to the plane determined by the base 
triangle. To determine whether &,JP) is a local extreme value or not, we 
need further information coming from the third term in the right-hand side of 
(14), i.e., from the following quadratic form 
where r + q + c = (a’ + V’ + w’) - (U + v + w) = 1 - 1 = 0. This quadratic 
form will be studied carefully in the next section. 
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4. CONVEXITY 
On p. 80, Sect. 99 of the book [3 f, the investigation of convexity of a 
function 4, with the rectangular Cartesian coordinates as its variables, is 
shifted to that of nonnegativity of the quadratic form with the second order 
partial derivatives of @ as its coefficients. A necessary and sufficient 
condition for the convexity of @ is presented there. With obvious 
modi~cations we can state 
THEOREM 3. R is a convex set in the plane. A necessary and sufJicient 
condition that B,(f; P) should be convex in S is that the quadratic form 
(15) should be nonnegative for all P in 32 and all (4, q, [) such that 
rts+5=0. 
Setting for simplicity 
A = f :,;f,(P), B = f ,n,?o(P)v c = f&,‘,(P), 
a = f”o; fdp), b = f:.of,(Ph c = f;,; ftm 
Eq. f 15) becomes 
Acb G$ 
[t, v, 61 c B a [ I[1 r 9 baC L (16) 
where <+q+c==O. Insertion of (=-g--q in (16) gives 
Kal [ 
A+C-2b Ctc-a-b < 
H I C+c-a-b B+C-2a II ’ 
(17) 
where now there are no longer any restrictions on c and 9. Note that the 
quadratic form (1’7) is nonnegative if and only if 
A+C22b, B+C>,2a, 
(A + C - 2b)(B 4 C - 2a) > (C Jr c - a - b)*. 
(18) 
The second inequality is equivalent to 
~C+CA+AB+2(bc+ca~ab) 
>a2+bZ+c2+2(Aa+Bb+Cc). (19) 
Hence Theorem 3 can be reformulated by 
THEOREM 3’. A necessary and su~c~ent condition that B,(f; P) should 
be convex in LJ is that (18) and (19) hold for all P in 0. 
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The following theorem provides a sufficient condition for the convexity of 
B,(f; P) in Sz. This condition is easier to check. 
THEOREM 4. Iffir all P in L! we have that 
A+a&:b+c, 
B+b>,c+a, 
C+c>a+b, 
then B,(f; P) is convex in l2. 
Proof: It is ciear that (ZO), (2I), (22) imply 
A>b+c-a, 
B>cfa-b, 
C>a+b-c, 
(20) 
(21) 
(22) 
(23) 
(24) 
(25) 
and that 
j(B + C) - a, cw 
j(C+A)-b, (27) 
$(A +B)-c (28) 
are nonnegative numbers. Multiplying both sides of (23), (24), (25) by the 
numbers in (26), (27), (28), respectively, adding, and simplifying, we get 
(19). The nonnegativity of numbers in (26) and (27) implies (18). Hence 
Theorem 4 comes from Theorem 3’. ti 
It will be desirable if we can find some conditions for convexity of 
B,(f; P) in terms Of fi,j,k) the values of the primitive function. 
The set (f;J,k; i +j + k = n] is said to be convex in the ~-direction if ine- 
qualities 
fi+ lj,k +A- lji 1,kf I >f;:,j+ 1.k +f;:j.k+ f (29) 
hold for all i, j, k such that i > 0 and i + j -t- k = n - I. Let us say a few 
words about inequality (29). In the subdivision S,(T) there are altogether 
n(n - 1)/2 parallelograms each of which has the diagonal parallel to the side 
u = 0 of the base triangle. A typical parallelogram with its vertices 
((i + lh’n,j/n, k/n), (4% (j + 1 )/n, k/n), ((i - 1 j/n, (j + 1)/n, fk + Wnk 
(i/n, j/n, (k + 1)/n) and the valuations of the function f at these vertices are 
shown in Fig. 4. Inequality (29) has the following interpretations: in each of 
these parallelograms the sum of values off at two vertices connected by the 
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fi+l j+l k-l , a 
‘i+l ,j,k 
fa+l j-l k+l G , 
fi-l j+l k+l , , 
FIGURE 4 
explicit diagonal is less than or equal to that of values off at other two 
vertices. Similar definitions may be applied to the o- direction and the w  
direction by 
fi,j+l,k+~+l,j-l,k+*~fi+l,j,k+~,j,k+* 
(j > 0 and i +j + k = n - l), (30) 
fi,j,k+l +A+l,j+l,k-I 2.fi+l,j,k+f;.,j+l,k 
(k > 0 and i +j + k = n - l), (31) 
respectively (see Fig. 4). By the recursive algorithm (6) we have 
fi'+2,j-l,k-1(P)=Ufi+,,j-l,k-l + vA+2,j,k-l + wfi+2,j-*,k3 
f!,j.ktP) = d+l,j,k + d,j+ I,k f WA,j,k+ 13 
and 
ft+I.j,k-l(P)=U~+Z,j,k-l + &+l,j+l,k-l + wfi+l,j,k2 
fi'+l,j-I,k(P)=UJ;:+*,j-l.k+vf;.+l,j,k+Wfi+*,j-l,k+l. 
Inequalities (29) imply that for u > 0, v > 0, w  > 0, 
fi'+2,j-l,k-I(P) +ff,j,kCP) >fi’+ l.j,k-l(P) +ft+I,j-l,kCP)* 
In other words, the convexity of the set {ff,j,,} in the u- direction implies the 
convexity of the set {fi,j,k(P)} in the U- direction for P inside the base 
triangle T. Repeating this argument we conclude that the convexity of the set 
(A,j,k} in the U- direction implies the convexity of {fF,xi(P)} in the u- 
direction for P E T, or equivalently implies the inequality (20). Similar 
reasoning can be applied for the convexity in the v- direction and in the W- 
direction. Hence inequalities in (29), (30), (31) imply inequalities (20), (21), 
(22) for P E T. Thus we have 
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THEOREM 5. If {f,,j,k} satisfy inequalities (29), (30), (31), then B,(f;P) 
is convex over the base triangle T. 
COROLLARY. If the nth BCzier net fn(P) is convex in T, so is B,(f; P). 
Proof. In this case we have 
By the definition offn,& is linear along the line segment between points (i/n, 
(j + 1)/n, k/n) and (i/n,j/n, (k + 1)/n), hence the value ofj;, at the midpoint 
of the segment is half of the sum of the values off” at two endpoints. Thus 
we have 
fi,j+ l,k +fi,j,k+ I= 2$, 
( 
+9 j + (n112) 3 k + iliz)) 3 
and by the convexity of T,, , 
2f t j+ (l/2) k+ (l/2) 
n 
n’ n ’ n 
i-l j+l k+l 
-,- - 
n n’ n 
as the point (i/n, (j + 4)/n, (k + 3)/n) is the midpoint of the line segment 
between points ((i + 1)/n, j/n, k/n) and ((i - 1)/n, (j + 1 )/n, (k + 1 )/n) too. 
Hence we get 
for all i, j, k such that i > 0 and i + j + k = n - 1. This inequality is just (29). 
Hence the convexity offn(P) in T implies (29), (30) and (3 1). By Theorem 5 
we conclude that B,(f; P) is convex in the base triangle T. 
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5. CONDITION FOR B,(f;P)= B,+,(f;P) 
If f(P) is continuous in R, then the convexity off in Q can be defined 
equivalently by (see [3]) 
(32) 
for any P,, P2,..., P, in L! and for any nonnegative numbers A,, AZ,..., 1, 
such that 
1, +/I,+ *‘a +A,= 1. (33) 
LEMMA. We have the identity 
Jf,j,k(p) = + [(i + 1) JY,‘:,j.k (p) + (j + 1) J%! 1 ,kcP) 
+ (k + 1) JF’,;;+ ,@‘>I, (34) 
where i+j+k=n. 
This lemma can be verified by simple calculations. Equation (34) enables 
us to write the nth Bernstein polynomial B,u; P) in terms of the (n + 1)th 
Bernstein basis polynomials: 
Replacing (i + 1) by i, the first term of the right-hand side of (35) 
becomes 
i+j+Zn+l n + l 
i-l j k 
-%f (T, ;‘;) J;,;:(P). 
Even though f((i - 1)/n, j/n, k/ n makes no sense for i = 0, the coefficient ) 
i/(n + 1) standing before f will annihilate the corresponding term. Applying 
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similar manipulations to the second and the third term in the right-hand side 
of (35), we obtain 
n nn 
nn II 
f;,;,:.(P). (36) 
Iff(P) is convex and continuous in T, since i +j + k = n + 1 and 
( i j k = --- i n+l’nil’n+l ’ 
then by (32) we get 
~fiLk* ( 1 n+l’n+l’n+l, 
(37) 
By (36) and (38) we see that if the continuous functions is convex in 
T, then 
B”(f;p)~B~+~(f;p) (39) 
for all P E 7’ and n = 1, 2, 3 ,.... We propose the following problem: Under 
what conditions does the equality in (39) hold? From (36) and the linear 
independence of J:,;,;(P) we see that for any functionf(P) (not necessarily 
convex) B,,(f, P) = B,, i(f; P) if and only if 
=f (L,L,-“), 
n+l n-i-1 n-t-1 
where i +j + k = n + 1. If we call each point Fi,j,k the vertex of the nth 
Bkzier net?,(P), we can state (40) geometrically as the following 
THEOREM 6. Let f be any function deflned in T. Then B,(f; P) 3 
B, + , (f; P) g and only if all ‘vertices offm + ,(P) lie on .&(P). 
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For a convex function f, we can reformulate Theorem 6 in a different way 
which has a stronger geometric implication. We have mentioned in Section 1 
that the projection offs onto the triangle T produces the subdivision of T 
denoted by S,(T). Each point (i/n, j/n, k/n) with i +j+ k = n is called a 
node of S,(T). S,(T) has (n + l)(n + 2)/2 nodes altogether. Denote the 
boundary of T by 8T and P zz r\aT. The nodes in I” are called interior 
nodes while the others are called boundary nodes. Clearly S,,(T) has 3n 
boundary nodes and (n - 2)(n - 1)/Z interior nodes. There are nZ 
subtriangles in S,(T). Each subtriangle with vertices 
(41) 
where i, j, k > 1 and i + j + k = R + 1, is called a downward subtriangle. 
S,(T) has (n - 1) n/2 downward subtriangles. All downward subtriangles of 
S,(T) are colored by black in Fig. 2. 
Let us observe the relationship between S,(T) and S,+,(T). All nodes of 
S,,+,(T) can be put into three categories: 
(1) Interior nodes are characterized by (i/(n + l),j/(n + l)t k/(n + 1)) 
with i, j, k > 1 and i + j + k = Iz + I. From (37) and (41) we see that each 
interior node of S,+,(T) 1 ies inside one and only one downward triangle of 
S,(T). See Fig. 5. 
(2) Nodes on just one side of T are characterized by (i/(n + I), 
j/(n + I), k/(n + 1)) with only one of i, j, k equal to zero. From (37) we can 
say that each of these nodes of S,, ,(T) lies inside one and only one 
boundary segment of S,,(T). 
(3) Three vertices of T, 
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IfS(P) is convex in r, naturally S(P) is convex in each subtriangfe with 
vertices shown in (41). Hence (40) will imply f(P) is linear over this 
subtriangle. Thus we have 
THEOREM 7. Let function f(P) be convex and continuous in T. Let 
D, be the union of all downward subtriangles of S,(T). Then 
B, + ,(.f; P) = B,(.f; P) if and only if 
f (I’) =&P) for P E D, U 2T, 
otherwise we have B,(f; P) > B,, ,(f; P) for P E T”. 
(42) 
6. CONVEXITY OVER A CHANGED TRIANGLE 
Even if f(P) is defined on the base triangle T only, the Bernstein 
polynomial (3) is well defined in the whole plane. In some practical 
applications, we relax the restrictions (2) for more flexibility. Let 
T” = AT: T,* Tf be any triangle in the same plane of the triangle T. We are 
interested in the convexity of the Bernstein polynomial B,lf; P) restricted to 
T*. Assume Tf has barycentric coordinates (ui, vi, wi) with respect to T, 
i = 1, 2, 3. We define the following (n + l)(n + 2)/2 numbers 
fil;.,k= x x 2] Jl,s,t(%,vl, w,) 
r+s+r=i ntDfy=jAtet~~=k 
or briefly, 
(43) 
where i + j + k = it. We have 
THEOREM 8. Let (u, v, w> be the barycentric coordinates of P with 
respect to the triangle T”, then the expression 
i+j+k=n 
represents the Bernstein polynomial B,(f; P> restricted to T*. 
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~rc7c.11 Setting f=r+a+A, m=s+P+p, p=t+y+~; we have 
I+m+p=i+j+k=n and 
n! i! j! Sk! u’v~w”u~v~w’ UaUBW~uQLwf =-*-.-. 
i!j! k! r!s!t! a!/?!y! #l!&u!v! 1 2 2 233 3 
n! I !  m !  P!  
.- 
== I !m!p !  - r !a!A!  * s! j?!p! rty!v! 
Insertion of (43) into (44) gives 
(w + uu2 + q)“(uw, + uw2 + ww,>pfi,m,p 
= B,(f; uu, + vu2 + WUf, uv, + vu2 + WVJ, uw, + WV* + ww,). 
Note that 
are the barycentric coordinates of a point inside T* with respect to the 
triangle T. fl 
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Now we can use the methods presented in Section 4 on f zj,, to check the 
convexity of B,(f; P) restricted to the triangle T*. 
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